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Sometimes, there is no such f: Unrealizability

Search Space Goal: Find f in

Paper Goal:
Develop a general proof system for proving that
synthesis problems are unrealizable

-~ ~_" N
f(1,10) = (11,10) A (Unrealizability)
£(14,15) = (1,15)
BVSPEC
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Motivations for Unrealizability: Optimization

Search Space
S

S OPT1

S OPT2

S _OPT3

S OPT4

Behavioral Spec
SPEC

Hu et al. Syntax-Guided Synthesis with Quantitative Syntactic Objectives, CAV '18

Guaranteed to be
optimal solution

Why?
Because better solutions
are unrealizable

To prove optimality:
Must be capable of
proving unrealizability!
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Motivations for Unrealizability: Symbolic Exec

Search Space

X = 42; LIA

y s

while (x > V)

{

} M . oo

assert (f(x,v)) Path Constraints + Unrealizability allows us to prune

Assertion = Spec infeasible program paths in SymEx

Mechtaev et al. Symbolic Execution with Existential Second-Order Constraints, ESEC/FSE '18
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Motivations for Unrealizability: Synthesis

BVIMP
S —->x:=BV|ly =BV
BV - x|y|BV &BV |
(BV | BV) | !BV
y =BV
BV

|S: S 1‘|||Iiiiiilib»
Unrealizability allows us to
prune spurious parts of the

search space!
BVSPEC_BV
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Unrealizability as a Logical Formula

Search Space

Goal: Find f in the
S->x=BV|y =BV|S;S BVIMPN : .
BV - x|y|BV &BV | — < intersection
(BV | BV) | ¥B% BVIMPN i -8 L3 )-8 32)

Behavioral Spec < > 1
. Now: No such f in the
f,y) =Dy y) —_— BVSPEC intersection! (Unrealizability)

f(1,10) = (11,10) A BVSPEC
£(14,15) = (1,15)

V. f €L(S)Ix. = (f(x), x)
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The Challenges of Proving Unrealizability

Search Space

S->x=BV|y =BV|S;S
BV >x|y|BV&BV|
(BV | BY) | HB¥V

Y < BVIMPN >
BVIMPN

Goal: Find f in the
intersection

Behavioral Spec

f,y) =Dy y) —

< BVSPEC >

!

Now: No such f in the
intersection! (Unrealizability)

£(1,10) = (11,10) A
£(14,15) = (1,15)

BVSPEC

Must reason about the behavior of a
(possibly infinite) set of programs...

To guarantee that there exists some
inputs (from a possibly infinite set)...

Vf.f € L(S),3x

o (f (%), %)

_—

And the falsifying input may be
different for each program!

That falsifies the desired spec...
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The Challenges of Proving Unrealizability

Search Space

Goal: Find f in the
S->x=BV|y =BV|S;S BVIMPN : .
BV - x|y|BV &BV | — < intersection
(BV | BV) | ¥B% BVIMPN i -8 L3 )-8 32)

Behavioral Spec < > 1
. Now: No such f in the
fxx,y) =(xDy,y) —_— BVSPEC intersection! (Unrealizability)

f(1,10) = (11,10) A BVSPEC
£(14,15) = (1,15)

Must reason about the behavior of a To guarantee that there exists some
(possibly infinite) set of programs... inputs (from a possibly infinite set)...

V. f €L(S)Ix. = (f(x), x)

And the falsifying input may be

different for each program! That falsifies the desired spec...
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Aspect 1: Reasoning about Sets of Programs
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Principle of overapproximation
allows for compositional reasoning!
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Using Unrealizability Triples: Inference Rules

{P}s{Q}
Vp € P.3q € Q.[s](p) = q

R
S1, 52

{P}s1{Q} {0Q} s {R}
{P} s1; 5, {Q}

UP1} s {lQl}
Vp € P,s € S.3q € Q.[s](p) =q

N

UPI} S, UQ1y  {1Ql} Sz IR}
{P[} S1; S2 {IR[}

N

Overapproximation + Structure of search space
(grammar) allows for compositional reasoning!




Aspect 2: Synchronizing Between Inputs



Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y
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Language
S->x:=E E-1|E+E
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs

{(x=0,y=1) (x =0,y =2) (x=0,y=3)] (e.g., x =1y)

Language
S->x:=E E-1|E+E

S i EN

Unrealizable, as only constants

may be assigned to x.

Goal: Set the value of x to thatin y

Desired
Outputs

[(x=1,y=1) =) (x=3,y=3>]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y

(e.g., x =)

{(x=0,y=1) (x=0,y=2) (x=0,y=23)

Language
S->x:=E E-1|E+E

Desired
Outputs

[(x=1,y=1> =) (x=3,y=3>]

70



Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y

(e.g., x =)

{(x=0,y=1) (x=0,y=2) (x=0,y=23)

Language
S->x:=E E-1|E+E

However, naive computation suggests

that problem is realizable! Desired

Outputs
[(x e e ) e e 3)]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y

(e.g., x =)

{(x=0,y=1) (x=0,y=2) (x=0,y=23)

Language
S->x:=E E-1|E+E

Desired

Problem: Computation fails to account that the
Outputs

inputs of the synthesis problem should execute
the same program when creating outputs [(x =ly=1 (x=2y=2) (x=3y= 3)]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y

(e.g., x =)

{(x=0,y=1) (x=0,y=2) (x=0,y=23)

Language
S->x:=E E-1|E+E

Desired
Solution: Vectorize the semantics of programs, Outputs
such that all inputs are executed simultaneously {(x =) (=2 =) (9= by = 3)]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y

{ (x=0,y=1),(x =0,y =2),(x =0,y = 3)) ] (e.g., x == y)

Language
S->x:=E E-1|E+E

Desired
Outputs

[ (x=1y=1),(x=2y=2),0=3y=3) ]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatiny
{ «x=Qy=Dix=Qy=D&x=Qy=$>] (e.g., x =Y)
AN
Language
S->x:=E E-1|E+E
x =3
Output 1

/ N
[ (x=1Ly=1),(x=1y=2),(x =1,y = 3)) ]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatin y

[ (= 0y = 1,( =0,y =2), ¢ = 0,y = 3) ] (e.g., x =)

Language
S->x:=E E-1|E+E
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs Goal: Set the value of x to thatiny
{ (x=0,y=1),(x=0,y=2),(x =0,y = 3)) ] (e.g., x =1y)
Language
= _ S—-x:=E E-1|E+E
x:=1 X =2 x =3

Output 2

[[[ (x=3,y=1),x=3,y=2),(x =3,y = 3)) ]
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs

Goal: Set the value of x to thatin y

{ (x=0,y=1),(x =0,y =2),(x =0,y = 3)) ] (e.g., x == y)

x:=1 X =2 x =3

/ Output 3

Language

E->1|E+E

[[[ (x=3,y=1),x=3,y=2),(x =3,y = 3))

Set of outputs does not
contain desired output

Y

78




Synchronizing Between Inputs:
Vectorized Semantics

Inputs

Goal: Set the value of x to thatin y

{ (x=0,y=1),(x =0,y =2),(x =0,y = 3)) ] (e.g., x == y)

x:=1 X =2 x =3

/ Output 3

Language

E->1|E+E

[[[ (x=3,y=1),x=3,y=2),(x =3,y = 3))

Thus, one can say that the
problem is unrealizable!

Y
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Synchronizing Between Inputs:
Vectorized Semantics

Inputs

Goal: Set the value of x to thatin y

\

Definition:

[[S]](O'l, 02, O-n> — (HS]] (0-1): |IS]] (0-2)' Y |IS]] (O-n)>

~

he

l[[ (x=3,y=1),x=3,y=2),(x =3,y = 3)) ]%

80




Putting it All Together

 Given a valid unrealizability triple {P} S {Q}...
* Where P and Q are predicates over the vectorized input and output state...
e |f Q does not contain the (vectorized) desired output...

* Then the synthesis problem is unrealizable, as Q is an overapproximation of
the reachable vectorized states!



Putting it All Together

 Given a valid unrealizability triple {P} S {Q}...

How can we obtain such valid triples?




Putting it All Together

 Given a valid unrealizability triple {P} S {Q}...

How can we obtain such valid triples?

By deriving them in an unrealizability
logic proof tree!
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Deriving a Triple: Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)




Deriving a Triple: Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

N

e is an auxiliary variable we use to
indicate the result of expressions




Deriving a Triple: Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

P

H
{x=14ANy=15} E {e&4 =1}



Deriving a Triple: Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

—_——————————=HP
x=14ANy =15} E{fe&4 =1

I 0
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Deriving a Triple: Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

Introduce this as an
HP____— induction hypothesis,
into the context I'!

{x=14ANy=15} E {e&4 =1}
I
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

X RHS Productions =
Inductive cases
F'-{}x{0} TH{}y{0} T -{I}E&E{O} T+ {I}E|E{O}
{x=14ANy =15} E {e &4 =1}

HP
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

» Base cases

[+ {3x{0} T+{}y{0}| T+ {NE&E(0} T+ {NE|E(0}
{x=14ANy =15} E {e &4 =1}

P
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

N
[F{x=14Ay=15}x{e = 14}V“rWeaken
F'F{x=14Ay =15} x {e&4 =1}

Y

TF{}x{0} T+ {I}y{0} T+ {I}E&E{0} T+ {I}E | E{O)
{x=14ANy =15} E {e &4 =1}

HP
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

'-{x=14Ay =15}y {e = 15}VarWeaken
[F{x=14Ay=15}y{e &4 =1}

M- {}x{0} [T+ {1}y (0} T+ (BE&E(0} T+ {NE|E(0}
{x=14ANy =15} E {e &4 =1}

P
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

Inductive cases <

[+ {}x{0} T+ {I}y{0} [T+ {I3E &E{0} T + {I}E | E{O}
{x=14ANy =15} E {e &4 =1}

HP
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

TF{x=14Ay=15}E&E{e &4 = 1)

a——_e

M- {}x{0} T+{1}y(0}[T+ (BEQE(O) T+ {NE|E(0}
{x=14ANy =15} E {e &4 =1}

{Fl—{x=14Ay=15}E{e&4=1}1H [F{x=14Ay =15} F {e&4 = 1} IHAn%

P
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

TF{x=14Ay=15}E&E{e &4 = 1)

a——_e

M- {}x{0} T+{1}y(0}[T+ (BEQE(O) T+ {NE|E(0}
{x=14ANy =15} E {e &4 =1}

LFI—{x=14/\y=15}E{e&4=1}IH F{x=14Ay =15} F {e&4 = 1} IHAncJ

P
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

TFx=14Ay=15]E{e&4=1}"' TF{x=14Ay=15)E (e&d = 1} IHOT
TF{x=14Ay=15}E |E{e &4 =1}

[+ {}x{0} T+{I}y{0} T+ {I}E&E{0}[T + {I}E | E{O}
{x=14ANy =15} E {e &4 =1}

HP
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

FI—{I}x{O} FI—{I}y{O} FI—{I}E&E{O} FI—{I}E|E{0}
{x=14ANy=15} E {e &4 =1}

Can prove this is true in a Hoare-like manner!
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Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

{(x=14ANy =15} F {e &4 =1}

e Starting from the inputx = 14 Ay = 15,
* Theresulte &4 = 1 is an overapproximation



Proof by Structural Induction

[E wn=x|y|E&E|(E|E) ] Input: x = 14,y = 15 Desired Output: 1 (14 & 15)
Actual Output:est.e &4 =4

{(x=14ANy =15} F {e &4 =1}

Starting from the input x = 14 Ay = 15,
Theresult e & 4 = 1 is an overapproximation

Notee&4=1Ne=1=¢
Thus, the problem is unrealizable



Paper Highlights

* Unrealizability logic is both sound and relatively complete (even for
grammars containing loops!)

* Vectorized semantics extend naturally to infinite vectors as well,
allowing us to prove unrealizability for problems requiring an infinite
number of examples

* Other examples and theoretical results such as decidability under
certain fragments



Questions?



Inference Rules in Unrealizability Logic



Inference Rules in Unrealizability Logic

* In addition to the two aspects explained before, unrealizability logic
poses a unique challenge when composing values for productions
suchasE - E+ E



UL with Program Synchronization

E = El + EZ * InpUt: [(x]_, Y1); (xz, YZ)] = [(113)1 (214)]1 [(3,1), (412)]
Ei =X
E, =y * Output: Should be [4,6]




UL with Program Synchronization

Eu=E 4B |+ nput[Co, v )l = [(13), 241G, (42)]
E, i=x v

\Ez = 7 ) * QOutput: Should be [4,6] Call this P




UL with Program Synchronization

Eu=E 4B |+ nput[Co, v )l = [(13), 241G, (42)]
E, i=x v

\Ez = 7 ) * QOutput: Should be [4,6] Call this P

{P} Ey {e. =[12]V[34]} {P} E; {e; =[3,4]V[L2]}
{P} E;+E, {?77}

Plus?




UL with Program Synchronization

(E e = El + EZ \ * InpUt: [(xl' yl)» (Xz: yZ)] — [(1'3)' (2'4)]» [(311)' (4'2)]

\

J

E, i=x '
E, =y * QOutput: Should be [4,6] Call this P
These two premises: clearly correct
P} E = [1,2] v [3,4 P} E = [3,4] Vv [1,2
{P} E; {e, =[12]V[3,4]}| {P} E; {e. =[3,4]V[1,2]} Plys?

{P} E; +E, {777}
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UL with Program Synchronization

E = E EZ * InpUt [(xl yl) (xZ yZ) .3) C )]; [(3,1), (4'2)J
E =X Y
E =y * Output: Should be [4,6] Call this P

(P} Es (e, =[[L2[V 34T (PTE, (e = [BAIVIL2])
{P} E1+E, {777}

Plus?



UL with Program Synchronization

E = E EZ * InpUt [(xl yl) (xZ yZ) (1E); (2@], [(3,1), (412)J
Eq =[x A
E =y * Output: Should be [4,6] Call this P

{P} E; {e; = [1 2] v|[3,4]} {P} E, {e; = [3 4] v [1,2]}
{P} E; +E, {777}

Plus?



UL with Program Synchronization

(E o= E1 + Ez \ * InpUt: [(xl' yl)» (Xz: yZ)] — [(1'3)' (2'4)]» [@1)' @

E1 si=
E2 si=

X

Y

\

2)]

Y

* QOutput: Should be [4,6] Call this P

(PY E; (e, = [L2]VI3AD [P} B, (e =[BAIVIL2])

Plus?

{P} E; +E, {777}



UL with Program Synchronization

Eu=E 4B |+ nput[Ga,y), Gl = [(13), 4] (G, (42)

Ei i=x e

E; p=[y * QOutput: Should be [4,6] Call this P
(PY Ey (o= [L2IVBAD (Y E; (e = BAIVILZD ,,

{P} E; +E, {777}




UL with Program Synchronization

E:=E +E
Ei =X
\Ez =y

\

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

J

* QOutput: Should be [4,6]

Y

Call this P

Filling the ??? in: Harder!

(P} Ey tee = [1,2]V [3,4]}

{P} E; {e; =[3,4] Vv [1,2]}

Plus?

{P} E; +E,

777}




UL with Program Synchronization

7

.

E:=E +E
Ei =X
Ey ==y

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

. J
Y

* QOutput: Should be [4,6] Call this P

Filling the ??? in: Harder!
Naive approach gives us
12,4], [4,6],6,8]

{P} Ey {e. =[12]V[34]} {P} E; {e; =[3,4]V[L2]}

Plus?

{P} E; +E, |{?777?}




UL with Program Synchronization

7

J

Y

Call this P

Filling the ??? in: Harder!
Naive approach gives us

,[4,6], [6,8]

E = El + EZ * InpUt: [(xl' yl)» (Xz: yZ)] — [(1'3)' (2'4)]» [(311)' (4'2)]
E; i=x
E; H=y * Output: Should be [4,6]
12,4]
(P} E, (e =|[L2]V BAD (P} E; {e: = BAIV[12]

{P} E; +E, {777}

——= Plus?



UL with Program Synchronization

Eu=E 4B |+ nput[Co, v )l = [(13), 241G, (42)]
E, i=x v

\Ez = 7 ) * QOutput: Should be [4,6] Call this P

Filling the ??? in: Harder!
Naive approach gives us
12,4],/|4,6], [6,8]

(P} E; (e =[L2IVI34AD (P} E (e =341V IL2])
{P} Ey + E, {???}

Plus?




UL with Program Synchronization

E:=E +E
Ei =X
\Ez =y

\

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

J

* QOutput: Should be [4,6]

Y

Call this P

Filling the ??? in: Harder!
Naive approach gives us
12,4],/|4,6], [6,8]

{P} E; {e. =[12]V|[34]} {P} E; {e; =[34]V

[1,2]

Plus?

{P} E; +E, {777}



UL with Program Synchronization

7

.

E:=E +E,
Ei =X
E, =y

\

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

J

* QOutput: Should be [4,6]

Y

Call this P

Filling the ??? in: Harder!
Naive approach gives us
12,4],[4,6],[6,8]

(PYE (e = [L2]V[34}] (T E (e =

34

viLal} Plus?

{P} E; +E, {777}



UL with Program Synchronization

E:=E +E * Input: [(xq, 1), (x2,¥2)] = [(1,3),(2,4)],[(3,1), (4,2)]
Ei =X
E, =y * Output: Should be [4,6]

~

& These two entries come from
different states in the precondition.

However, they were added together
in the naive version!

S

{P} E; {e; = [1 2] V|[341} {P} E; {e; =|[3,4]V [L2]}
{P} E;+E, {?77}

Plus?
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UL with Program Synchronization

[(1,3), 2,0)],1(3,1), (4.2)]

~

{P} E; +E, {777}

E=x=E +E * Input: [(xq,y1), (x2,¥2)] =

Ei =X

E, =y * Output: Should be [4,6]

4
Problem: Failing to consider that
only results from the same input-
state should be composed
/ /
{P} E; {e; = [1 2] V|[341} {P} E; {e; =|[3,4]V [L2]}

Plus?
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UL with Program Synchronization: Ghost State

(E o= El + EZ \ * InpUt: [(xl' yl)» (Xz» yZ)] — [(1'3)' (2'4)]» [(311)' (4'2)]
Ei =X
E, =y

.

* Solution: Extend the input states with ghost state



UL with Program Synchronization: Ghost State

(E e = El + EZ \ * InpUt: [(xl' yl)» (Xz» yZ)] — [(1'3)' (2'4)]» [(311)' (4'2)]

E, i=x iL

E2 0= y !/ ) !/ )
\ * [(X1»J’1»x1 y V1 ), (X2, Y2, %2, V2 )] =
[(1,3,1,3), (2,4,2,4)], [(3,1,3,1), (4,2,4,2)]

* Solution: Extend the input states with ghost state

* Ghost state: Simply a copy of the original state, with fresh variables



UL with Program Synchronization: Ghost State

E:=E +E,
Ei =X
\Ez =y

|

[

£

(beq,

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

4

xll' yl_’I)' (xz» Y2, le, yZ,)] —

),

2,412,4

1,3/1,
/

-/

1,1(3,1,3,1), (4,2,4,2)]

* Solution: Extend the input states with ghost state

* Ghost state: Simply a copy of the original state, with fresh variables
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UL with Program Synchronization: Ghost State

E:=E +E
Ei =X
\Ez =y

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

o [, y0x15 917, (X2, Y20 %0, v

)] =

[(1,3,1,3),(2,4,2,4)], [(3,1]3,1),

(4

242

-/

* Solution: Extend the input states with ghost state

/

* Ghost state: Simply a copy of the original state, with fresh variables
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UL with Program Synchronization: Ghost State

7

E:=E +E
Ei =X
Ey ==y

.

N\

.

* Input: [(x1, y1), (x2, y2)| = [(1,3),(2,4)],[(3,1), (4,2)]

4

o [Cer, v, 917), (X2, V2, %2, ¥27)] =
1(1,3,1,3), (2,4,2,4)],1(3,1,3,1), (4,2,4,2)]

* Solution: Extend the input states with ghost state

* Ghost state: Simply a copy of the original state, with fresh variables

* Point: Primed variables are not ‘executed’, so they can track the original state!



UL with Program Synchronization: Ghost State

(E n=E + Ey \ * Input: [(x1,y1), (x2,¥2)] = [(1,3),(2,4)],[(3,1), (4,2)]
Ei =X
\Ez =Y

* [, y1,x1 917, (X2, Y2, %", ¥27)] = Call this P,
1(1,3,1,3), (2,4,2,4)],1(3,1,3,1), (4,2,4,2)]

Poxd) Ex (ec = [12IV3A] ) (Pox) E; (oo = BAIVIL2].-]
(P} E, +E, {777}

Plus?




UL with Program Synchronization: Ghost State

(E o= El + EZ \ * InpUt: [(xl' yl)» (Xz» yZ)] — [(1'3)' (2'4)]» [(311)' (4'2)]
Ei =X

E2 = y !/ ) !/ ) _
h * [(x1; Y1, X1, M1 )' (Xz, Y2,X2,Y2 )] — Call this Pext
1(1,3,1,3), (2,4,2,4)],1(3,1,3,1), (4,2,4,2)]
[ (e = [L2] A (x1,¥1, %1, 91) = (1,3,1,3) A (x2,¥2, %32, ¥2") = (2,4,2,4)) v J
(et — [3,4‘] N (Xl,yl, x]_’, y]_,) — (3,1,3,1) N (Xz,yz, le, yzl) — (4‘,2,4,2))

—
Pox) Ex e = 121V 3A]...]  Pod E; lec = BAIVIL2]...)
{P} E;+E, {?77}

Plus?




UL with Program Synchronization: Ghost State

E = El + EZ \ * InpUt: [(xl' yl)» (Xz: yZ)] — [(1'3)' (2'4)]» [(311)' (4'2)]
Ei =X
\Ez =Y

¥

[3,4] A (e, v, %17, v17) = (1,3,1,3) A (%2, ¥2, %2, ) = (242,4)) Vv }
[1,2] A Cxp, y1, 21, 71") = (3,1,3,1) A (%2, ¥2, 5", v2") = (4,2,4,2))

|

(Pexd Br o0 = [L2IVEBA ) Poxd) By o= BANVILZ ] p,
{P} E; +E, {277} |




UL with Prog

E:=E +E,
Ei =X
\EZ :::y J

ram Synchronization: Ghost State

 Compose only when ghost state matches:

Green ghost states match, thus [3,4] and [1,2] are
composed to produce [6,8]

[ (e; = [3,4] A (xy, 1%, 1) = (1,3@) A (X5, Vo,lx5', yz’} = (2,42,4)) v }

(et — 112 A (xl; yllxlli yll) = (3111311) A (xz, yleZII y2,) — (4121412))
|

[ (er = [1,2] A (x1, Y1,

(et — :3,4‘: N (xl,yl, xll,y]_,) — (3,1,3,1) N (Xz,yz, le, yzl) — (4‘,2,4‘,2

xlliyl D — (113'113) A (xz»)’z»IXZIJYZ’) — (2!4'214)))\/ }
)

— ~_

{Pexc} Ex {ec =[12]V[34]...} {Pex} E; {e; =[34]V[12]...}

.
(P} E,+E, (227} Plus:
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UL with Program Synchronization: Ghost State

E:=E +E,
Ei =X
\EZ :::y J

 Compose only when ghost state matches:

Red ghost states do not match, thus [3,4] and [3,4] are
not composed in the final postcondition!

[ (e = [3,4] A (x1;)’1»‘x1'» }’1'1) = (1;3 A (xz»YZ»‘x2': 3’2'} = (2»4) \% J

(et = [L,2] A (%1, ¥1,

x1,' yll) — (3111311) A (xz, yleZII y2,) — (4121412))
1

(et = 1»2 A (xl; Y1,
(et — :314: A (‘xll }’1;

x1,¥1) = (L3,L3) A (g, y2, %2, ¥2') = (24,2,4)) V }

1, y1D) = GBI A (xz y2[ %2, v, = (4,24,2))

— ~_

{Pexc} Ex {ec =[12]V[34]...} {Pex} E; {e; =[34]V[12]...}

.
(P} E,+E, (227} Plus:
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UL with Program Synchronization: Ghost State

(E i= E, + E, 1 - Compose only when ghost state matches:
E, = x Red ghost states do not match, thus [3,4] and [3,4] are not
E, i=y composed in the final postcondition!

* Thus final postcondition only contains e, = [6,8] as desired

Ped By e = [L2IVEA ) (e By (e = BAVILZ ]
(P} E, + E, (e, = [6,8]...} '




Plus as a Rule

{PAv =v,}E;1{Q4} {P Av = v,}E>{Q}
{P}E1 + E; (3e,/,v1,v5, 01, 05" (P AQe[v1\V] AQa[v'\v]D e \e] Aep = e, + er,




Plus as a Rule

Generates ghost state for E;, using (fresh) vars v,

{PAv =v}E1{Q4} {P Av = v,}E>{Q}
{P}E1 + E; (3e,/,v1,v5, 01, 05" (P AQe[v1\V] AQa[v'\v]D e \e] Aep = e, + er,




Plus as a Rule

Generates ghost state for E,, using (fresh) vars v,

{PAv =v,}E;1{Q4} {P Av = v }E>{Q}
{P}E1 + E; (3e,/,v1,v5, 01, 05" (P AQe[v1\V] AQa[v'\v]D e \e] Aep = e, + er,




Plus as a Rule

{PAv =v,}E;1{Q4} {P Av = v,}E>{Q}
{P}E; + E; {3e., v, 05,01, 05", (P AQ[vi\v] A Qalvy"\v]Dle\e] ANep = etl, + etz,
Checks that ghost states match:

note that predicate only contains
‘extended’ states where ghost states match!




Plus as a Rule

{P AV =v}E1{Q4} {P AV = v,}E2{Q2}
{P}E1 + E; {3e., vy, 05,01, 05", (P AQq[vi"\V] A Qalv \vI} e \e] Aer = e + e’

Updates e; to the value computed by +




Plus as a Rule

{PAv =v,}E;1{Q4} {P Av = v,}E>{Q}
{P}E1 + E; {Be,', vy, 05,01, 05| (P AQe[v1\V] AQa[v\v]D e \e] Aep = e, + er,

Quantifies additionally introduced variables out




Plus as a Rule

{PAv =v,}E;1{Q4} {P Av = v,}E>{Q}
{P}E1 + E; (3e,/,v1,v5, 01, 05" (P AQe[v1\V] AQa[v'\v]D e \e] Aep = e, + er,

 Complete rules for all program constructs can be developed using the idea of ghost state

* Thus, unrealizability logic is relatively complete (even for loops)!



Questions?



A Surprising Similarity

* Unrealizability logic is very similar to Hoare logic with recursion and
nondeterminism

* In fact, synthesis itself can be modeled using nondeterminism



Modeling Synthesis using Nondeterminism

[E ::=0|E+1|E—1]




Modeling Synthesis using Nondeterminism

[E n=0|E+1|E—-1 ]—|

Can interpret this as a nondeterministic, recursive program




Modeling Synthesis using Nondeterminism

[E n=0|E+1|E—-1 ]—|

Can interpret this as a nondeterministic, recursive program

(e

if (*) return O;
else if (*) return E() + 1;
else return E() — 1;

}

main(){
r=E();
assert (!spec(r));

\_

~

/
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Modeling Synthesis using Nondeterminism

[E n=0|E+1|E—-1 ]—|

Can interpret this as a nondeterministic, recursive program

(e A

Zlie)iﬁil;rrr;gjm E() + 1,  |f verification works on this example (using
else return E() - 1; standard overapproximating techniques):
} Ispec(r) is guaranteed to hold.
main(){

= E(); * Thus the problem is unrealizable.

assert (!spec(r));

\_ /




Modeling Synthesis using Nondeterminism

[E n=0|E+1|E—-1 ]—|

Can interpret this as a nondeterministic, recursive program

(e A

if (*) return O; .
else if (*) return E() + 1; If a bug catcher can prove that the

else return E() — 1; assertion can be violated (using
} underapproximating techniques), there

mainE(()){ exists a path s.t. spec(r) holds.
r=E();
assert (!spec(r));

\_ /

* Thus the problem has a solution.




To Prove Unrealizability...

Language
E = E4+E| —E|O0]|1 : :
x| | 101  We need to characterize the behavior of a set

+ (-1
g O (-1) of programs

+1
x\ ——— * j.e., does the set of programsin E

simultaneously not satisfy the specification?

x|
if x >0thenxelse —x

Behavioral Spec
fX)>0A(Fx) =xV f(x) =—x)
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The Challenges of Unrealizability Logic

* Because we are dealing with sets of programs and sets of examples,
we need a way to synchronize between these aspects

* Two main synchronization obstacles: i) Examples, ii) Programs



UL with Multiple Examples

* Multiple examples in UL require synchronization



UL with Multiple Examples

[E ::=()|E_|_1|E_1] * Input: x € Z
* Qutput:est.e =x

* Clearly unrealizable!




UL with Multiple Examples

[E ::=()|E_|_1|E_1] * Input: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

{x = Xqux} E {x = Xqux A Ik. e, =k}

Weaken?
{x = xaux} E {e: # Xqux}




UL with Multiple Examples

[E ::=()|E_|_1|E_1] * |nput: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

~ This part is clearly true:
E can generate any fixed integer

{x = Xqux} E {x = Xqux A Ik. e, = k}

Weaken?
{x = xaux} E {e: # Xqux}
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UL with Multiple Examples

[E ::=()|E_|_1|E_1] * |nput: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

This part is NOT:

—

Clearly k can also be x,,,!

{x = Xaux) E {x = Xqux ATk.e; = k}

Weaken?
{x = xaux} E {er # Xgux}
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UL with Multiple Examples

[E ::=()|E_|_1|E_1] * |nput: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

The problem:
— Fails to consider that there must be a
single term for each x,,, (example)

{x = Xaux) E {x = Xqux ATk.e; = k}

Weaken?
{x = xaux} E {er # Xgux}
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UL with Multiple Examples

[E ::=()|E_|_1|E_1] * |nput: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

4 )

—| Solution: Synchronize the examples

\ /

{x = Xaux) E {x = Xqux ATk.e; = k}

Weaken?
{x = xaux} E {er # Xgux}
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UL with Multiple Examples: Vectorization

[E ::=()|E_|_1|E_1] * Input: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

~ Also clearly true:
E will generate the same integer k for every i

(Vix; =i} E {3k.Vi.x; =i Aey; = k}
{Vi.x; =i} E {ai-eti # 1}

Weaken?
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UL with Multiple Examples: Vectorization

[E ::=()|E_|_1|E_1] * |nput: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

True this time:
There will exist some i suchthati # k

{Vi.x; =i} E {3k.Vi.x; =i Ney; =k}
{Vi.xi = l} E {Eli.etl. + l}

Weaken?
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UL with Multiple Examples: Vectorization

[E ::=()|E_|_1|E_1] * Input: x € Z
* Qutput:est.e =x

* Clearly unrealizable!

In essence:

We have circumvented the problem by
analyzing examples simultaneously,
making sure they follow the same path
(Using an alternative program semantics)

{Vi.x; =1} E {3k.Vi.x; =i Ney; =k}

Weaken?
Vix, =i} E (i.e, * i} edien




